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We study the charge and heat transport in a normal-metal/superconductor (NS) junction of the
tilted anisotropic Dirac cone material borophane, using the extended Blonder-Tinkham-Klapwijk
formalism. We numerically find that, in spite of the large mismatch in the Fermi wavevectores
of the normal-metal and superconductor sides of the borophane NS junction, the electron-hole
conversion happens with unit probability at normal incidences. Furthermore, in the heavily doped
superconducting regime, for heavily doped normal borophane, the electron-hole conversion happens
with unit probability, almost at any incident angle. The dependence of the Andreev conductance
on the Fermi energy and bias voltage, enable us selecting the retro or specular type of Andreev
reflection process. We numerically find that, independent of the Fermi energy, the temperature
dependence of the thermal conductance in borophane can be modelled as an inverse Gaussian
function, reflecting the d-wave symmetry of the borophane superconductor. We propose a scheme
for achieving negative differential thermal conductance at intermediate Fermi energies. Our findings
will have potential applications in developing borophane-based thermal management and signal
manipulation mesoscopic structures such as heat transistors, heat diodes and thermal logic gates.
I. INTRODUCTION
The Andreev reflection (AR) is a scattering process
at the interface between a normal-metal conductor (N)
and a superconductor (S), in which an incident electron
from the N side is reflected as a hole, and the created
Cooper pair moves through the superconductor transfer-
ring a charge 2e. The electron-hole conversion occurs at
the excitation energies ε, less than the superconducting
energy gap ∆S (ε < ∆S) [1]. In this process, known
as retro Andreev reflection (RAR), an electron with an
energy ε (relative to the Fermi energy EF ), a momentum
kF + δk and spin polarization s, upon hitting the N/S
interface, is retro reflected as a hole of opposite spin −s,
with energy −ε and momentum −kF + δk, results in a
finite conductance in the N/S junction [2]. The occur-
rence of the AR has been shown, e.g., by tunneling exper-
iments [3, 4], Gantmakher-resonance experiments [5] or
by a double-point contact electron-focusing technique [6].
In the retro-AR both electron and hole are located in the
same conduction or valence band (the electron-hole con-
version is intraband) [2].
Another novel AR phenomenon, known as specu-
lar Andreev reflection (SAR), has been discovered by
Beenakker [7, 8] in graphene-based superconducting hy-
brid structures, in which the hole is reflected along a spec-
ular path of the incident electron, resulted from the sub-
lattice pseudospin degree of freedom of electrons with a
gap (non-superconducting) in its band dispersion [9, 10],
which is absent in ordinary metal-superconductor inter-
faces. In the specular (retro) AR the incident electron
and reflected hole are located at different (same) bands,
namely interband (intraband) conversion.
In recent years, hybrid normal metalsuperconductor
∗ mzare@yu.ac.ir
structures have received considerable attention due to
their novel properties arising from exotic transport be-
haviors, when plenty of new materials with massless
Dirac/Weyl excitations or nontrivial topological features
are discovered and used to fabricate these interfaces
[7, 8, 11–16].
Recent advances in fabrication technologies have made
exploring two-dimensional materials possible for appli-
cations, which in turn has triggered a tremendous in-
terest. Transport properties of graphene-based normal-
metal/superconductor heterojunctions have been investi-
gated extensively and many striking properties have been
obtained [7, 17–19].
In the case of specular Andreev reflection for undoped
graphene (EF = 0), holes are produced in the valence
band. In doped graphene (EF > 0), the Andreev re-
flection can be normal or specular, depending on the en-
ergy of the incoming electron. In heavily doped graphene
(EF  ∆S), only normal Andreev reflection is present
for subgap energies, since the distance from Fermi level
to the valence band is too large for specular AR to oc-
cur. In an undoped graphene, Andreev reflection is an
interband scattering at all excitation energies, which is
not possible in conventional metals, with no excitation
gap separating the conduction and valence bands. In the
regime 0 < EF < ∆S , depending on the incident electron
energy ε, the AR has a form of either normal or specular.
The tunneling conductance [17, 19] and Josephson cur-
rent [20] in graphene junctions are oscillatory functions
of the width and height of the barrier at the interface.
Perfect AR has been also proposed in the NS junction of
topological insulator [21, 22].
It is known that, in conventional NS junctions the elec-
tric and thermal conductances reflect the magnitude or
symmetry of the superconductor energy gap [1, 2]. Com-
pared to the linear temperature dependence in a bulk
superconductor, explained from the Wiedemann-Franz
law, its thermal conductivity is exponentially suppressed
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2at the low temperatures kBT  ∆S [23], because An-
dreev reflection completely blocks the subgap flow of en-
ergy and thus their thermal conductivity is often negligi-
ble. The story is considerably different in hybrid meso-
scopic structures of NS because the heat flow through
superconductor may becomes significant [24]. Applying
an electric current in the normal-metal/superconducting
junction, is used foe refrigeration of electrons in the nor-
mal metal which can be used for the realization of mi-
crocoolers [25–27], high-sensitive detectors and quantum
devices [28, 29].
While charge and thermal conductance in nor-
mal/superconductor junction of the isotropic Dirac ma-
terials have been studied [7, 17–20, 22, 30–38], but to
our knowledge, thermal Andreev reflection in a zero-
gap semimetal, with tilted anisotropic Dirac cones, has
not yet been reported in the literature. Tilted Dirac
cones have been predicted in a series of materials, includ-
ing deformed graphene [39, 40], partially hydrogenated
graphene [41], the surface of topological crystalline in-
sulators such as the (001) surface of SnSe [42, 43],
organic compound α-(BEDT-TTF)2I3 [39, 44–46], 8-
Pmmn borophene [47–52].
Graphene-like two-dimensional (2D) structure of
boron, as carbons neighbor in the periodic table, known
as borophene has attracted great attention due to its fas-
cinating properties and promising applications in nano-
electronics [53–56].
However, theoretical calculations show that due to
the imaginary frequencies in phononic dispersion of
free-standing 2D borophene is unstable against long-
wavelength periodic vibration [57, 58], needing a sub-
strate to be stabilized. A feasible proposal to dynami-
cally stable borophene is the chemical fictionalization us-
ing surface hydrogenation. First-principles calculations
show that the hydrogenation of borophene, is a viable
method to stabilize borophene in the vacuum without a
substrate [57]. Compared with that of borophene, boro-
phane, a monolayer of fully hydrogenated borophene has
a remarkable Fermi velocity which is nearly four times
higher than that of graphene [57]. It displays a huge
electrical and magnetic anisotropy [59–61], along with
highly anisotropic mechanical properties [62]. In contrast
to the buckled direction, that shows off a semiconductor
behavior, along the valley direction, borophane shows a
metallic trend with a linear current-voltage characteris-
tic [63].
Lower crystal symmetry of borophane, in contrast
to graphene, causes the asymmetric velocity parame-
ters which results in the two tilted Dirac cones at KD
and −KD, in the effective low-energy Hamiltonian of
borophane. The Bravais lattice constants of the con-
ventional orthorhombic unit cell of the buckled struc-
tures of borophene and borophane are (ax = 1.62,
ay = 2.85)A˚ and (ax = 1.92, ay = 2.81) A˚ , respec-
tively [57, 64, 65] and contains 4 atoms per unit cell (see
Fig. II (a)). Notice that the buckling height of h = 0.96
A˚ in borophene reduces to h = 0.81 A˚, upon hydrogen
adsorption in borophane [61].
Due to the hybridized states of the σ and pi bonds, 2D
boron structure may be a pure single-element intrinsic su-
perconducting material with the highest Tc (higher than
the liquid hydrogen temperature) on conditions without
high pressure and external strain which can be modified
by strain and doping [66–68].
A first-principles study reveals that borophene is the
first known materials with high-frequency plasmons in
the visible spectrum [69]. Furthermore, in this borophene
polymorph, the anisotropic plasmon mode remains un-
damped for higher energies along the mirror symmetry
direction in which the anisotropic Friedel oscillation be-
haves like r−3 in the large-r limit [70].
Motivated by the great interest in search of tilted
Dirac material, we wish to examine whether the
tilt leads to qualitatively different physics in normal-
metalsuperconductor hybrid junction of borophane.
However, to our best knowledge, answers to these ques-
tion is still lacking. In this paper, using the ex-
tended Blonder-Tinkham-Klapwijk formalism, we study
the charge and heat transport in a NS hybrid contact
based on the fully hydrogenated borophene (borophane)
and in the 8-Pmmn 2D boron Polymorph. We find the
dependence of the Andreev conductance on the Fermi en-
ergy and bias voltage, enable us selecting the retro con-
figuration or specular configuration in types of Andreev
reflection processes. We numerically show that, indepen-
dent of the Fermi energy, the temperature dependence of
the thermal conductance in borophane can be modelled
as an inverse Gaussian function, reflecting the d-wave
symmetry of the borophane superconductor. We pro-
pose a scheme for achieving negative differential thermal
conductance in borophane NS junction, as a key building
block of thermal circuits. Our findings will have poten-
tial applications for transport and energy control in su-
perconducting hybrid structures and thermal nanoscale
devices.
The rest of the paper is organized as follows. In Sec. II,
the low energy model Hamiltonian of borophane is intro-
duced and then the method which is used to calculate
the differential conductance of charge and heat transport
in normal-metalsuperconductor (N/S) hybrid junction
of borophane is explained using the extended Blonder-
Tinkham-Klapwijk formalism in Sec. III. In Sec. IV, we
present and describe our numerical results. Finally, we
conclude and summarize our main results in Sec. V.
II. MODEL HAMILTONIAN OF
SUPERCONDUCTING BOROPHENE
In the following we consider a two dimensional nor-
mal/superconducting borophane junction, occupying the
xy plane while the superconducting region occupies x > 0
and the normal region extending x < 0. The proposed
setup is schematically shown in Fig. II (b).
Consider the BardeenCooperSchrieffer (BCS) pairing
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FIG. 1. (a) Schematic illustration of the optimized ground-
state lattice structure of borophane, with top view (right
panel) and side views (left panel). The unit cell is indicated
by the yellow-dashed rectangle, which contains two boron (B)
atoms and two hydrogen (H) atoms and the basic vectors of
the primitive unit cell are indicated by the yellow arrows. The
blue and white balls represent B and H atoms, respectively.
The buckling height is denoted by h. (b) An effective NS
junction of monolayer borophane, where superconductivity is
induced via a proximate superconducting lead.
in the S region, the electron and hole excitations are
described by the Bogoliubov-de Gennes (BdG) equation
which has the form [71]
[
Hη0 + V(r) ∆S(r)
∆∗S(r) −T −1Hη0T −V(r)
](
u
v
)
= ε
(
u
v
)
,
(1)
in which V (r) = U(r)−EF , where EF and T are Fermi
energy and time-reversal symmetry, respectively and
Hη0(k) is the effective single-particle low-energy Hamilto-
nian for borophane, for excitations near the Dirac points
Kη; [70, 72, 73]
Hη0(k) = η[~v0xkxσx + ~v0ykyσy + ~vtkxσ0], (2)
Here, σx, σy are the Pauli matrices for the pseudospin
representing the lattice degree of freedom while σ0 is the
2 × 2 identity matrix and η = ±1 corresponds to the
KD = (0.64, 0)A˚
−1 and −KD = (−0.64, 0)A˚−1 valley.
The suggested values of the direction-dependent veloci-
ties, in units of
(×105m/s), are specified as v0x = 19.58,
v0y = 6.32, and vt = −5.06.
The superconducting order parameter ∆S(r) couples
time-reversed electron and hole states, which can be ex-
pressed as
∆S(r) =
{
0 if x < 0,
∆0 if x > 0
(3)
and since the zero of potential is arbitrary, we assume
the electrostatic potential U(r) as follows
U(r) =
{
0 if x < 0,
U0 if x > 0
(4)
The time-reversal symmetry requires T Hη0 (k)T −1 =
H−η0 (−k), thus in the absence of a magnetic field, the
time-reversal operator interchanges the valleys KD with
−KD. Neglecting the intervalley scattering and due
to spin-valley degeneracy it suffices to consider one of
these two sets Hη0 or H
−η
0 . Therefore, the (8×8)-matrix
BdG equation 1 reduces to two decoupled sets of four-
dimensional Dirac-Bogoliubov-De Gennes (DBdG) equa-
tion of the form
[
H±0 + V(r) ∆S(r)
∆∗S(r) −H±0 −V(r)
](
u
v
)
= ε
(
u
v
)
, (5)
The energy dispersion for quasiparticles in the super-
conducting region is written as
E
h(e)
S (k) = τ
√
∆20 + [EF − U0 − vtkx ±
√
v20xk
2
x + v
2
0yk
2
y]
2,
(6)
in which τ =1(-1), denotes the conduction (valence)
band in borophane and the superscripts ”e” and ”h”
denote the electronlike and holelike excitations, respec-
tively. The energy dispersion for KD-valley is shown in
Fig. (II), which is tilted along kx due to the presence of vt
term. In −KD-valley, the tilting is in opposite direction
and in contrast to graphene, Dirac cones are anisotropic.
In particular, we note that the particle-hole symmetry is
broken in borophane due to the tilted feature of the Dirac
cones, because PHη0(k)P 6= −Hη0(−k), where P = σ0τxK
and K is the complex conjugate operator.
In the normal borophane region, superconducting or-
der ∆0 vanishes and there are two electron modes and
two hole modes with energy dispersions given as
Ee(h)c (k) = ~vtkx + ~
√
v20xk
2
x + v
2
0yk
2
y ∓ EF , (7)
Ee(h)v (k) = ~vtkx − ~
√
v20xk
2
x + v
2
0yk
2
y ∓ EF , (8)
in which c(v) denote the conduction (valence) band in
borophane and k =
√
k2x + k
2
y. The anisotropic and tilted
Dirac crossing along the Γ-X direction in the rectangular
Brillouin zone of borophane is obtained from the band
dispersions Eqn.7 and Eqn.8, as
4The eigenfunctions of the Dirac-Bogoliubov quasipar-
ticles with energy ε are given by
ψS+τ = e
ikesxeiqy

u+e
−iβeks
u+
v−e−iβ
e
ks e−iφ
v−e−iφ
 , (9)
ψS−τ = e
−ikhs xeiqy

v−e−iβ
h
ks
v−
u+e
−iβhks e−iφ
u+e
−iφ
 , (10)
from the EeS and E
h
S branches of the spectrum (see
Fig.II, right panel), respectively, which describing right-
moving electron and left-moving holelike quasiparticles
that either decay exponentially as x→∞ (for subgap so-
lutions when ε < ∆0) or propagate along the x direction
(for supragap solutions when ε > ∆0). The coherence
factors u+, v− are generically written as [74]
u+ =
√
1
2
(
1 +
√
E2 − |∆S |2
E
)
, (11)
v− =
√
1
2
(
1−
√
E2 − |∆S |2
E
)
. (12)
The longitudinal wave vector k
e(h)
s for electronlike
(holelike) qausiparticles in the S region are the solutions
of the energy-momentum relation, which can be obtained
by solving the following equation
a4x
4 + a3x
3 + a2x
2 + a1x+ a0 = 0 (13)
in which
a0 = b
2
1 − 2b1ε2 + ε4 + 4b22v2t − 4v20yv2t q2,
a1 = 4b2vt(−b1 + ε2 + 2v20yv2t ),
a2 = 2b1b3 − 2ε2b3 + 4b22(−v20x + v2t )− 4v20yv2t q2,
a3 = 4b2vt(v
2
0x − b3),
a4 = b
2
3 − 4v20xv2t , (14)
Here, b1 = ∆
2
S+b
2
2+v
2
0yq
2, b2 = E
′
F−Ur and b3 = v20x+
v2t . Inside the N region, the solutions of BdG equation
are two states of the form
ψe± =
1√
Ne
e±ik
e
xxeiqy

τe e
∓iβek
1
0
0
 , (15)
for the conduction band electrons and
ψh± =
1√
Nh
e∓iαk
h
xxeiqy

0
0
τh e
±iαβhk
1
 , (16)
for the conduction (τh = 1) or valence band (τh = −1)
holes, depending on the reflection type. Here, β
e(h)
k =
tan−1
[
v0yq/v0xk
e(h)
x
]
with α = 1 for retroreflection (con-
duction band holes) and α = −1 for specular reflection
(valence band holes), where kex and k
h
x are correspond-
ing to the x-component of wave vectors. It should be
noted that, due to the translational invariance in the y
direction, the corresponding component of momentum, q
is conserved. The prefactors 1/
√
Ne, 1/
√
Nh ensure that
all states carry the same amount of quasiparticle current.
In order to obtain these normalizing factors, we calculate
the expectation value of carrier velocity using the formula
jx = ψ
∗ ∂H
~∂kxψ = vx. Furthermore, the x and y compo-
nents of the velocity operator is defined as v = 1~∇kE(k)
and can be derived as
ve(h)x,τ = vt + τ
v20xk
e(h)
x√
v20xk
e(h)
x
2
+ v20yq
2
, (17)
ve(h)y,τ = τ
v20yq√
v20xk
e(h)
x
2
+ v20yq
2
, (18)
III. MODEL AND THEORY
Let us consider an incident electron from the normal
side of the junction with energy ε and transverse mo-
menta q. Taking into account both Andreev and normal
reflection processes, the wave functions in the normal and
superconducting regions, can be written as
ψN = ψ
e+
N + re ψ
e−
N + rA ψ
h−
N , (19)
ψS = te ψ
S+ + th ψ
S−, (20)
Here, ψ
e(h)±
N and ψ
S± are the solutions of BdG equa-
tion for the quasiparticles inside N and S regions, re-
spectively. re and rA denote the reflection coefficients of
normal and Andreev reflections, respectively.
The boundary conditions for the wave functions and
current conservation in the x direction, at the interface
can be written as
ψN |x=0 = ψS |x=0,
vxNψN |x=0 = vxSψS |x=0 (21)
which leads to the analytical expressions for the reflec-
tion coefficients re and rA as:
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FIG. 2. Schematic illustration of the reflection and transmission processes in the NS junction of borophane. The filled and open
circles denote the electron and a hole, respectively. When the excitation energy becomes smaller than the superconducting
order parameter (ε < ∆0) there are no propagating modes in the superconducting side, so that an electron injected from the
normal region is reflected back either as an electron or a hole. However, there are two scattering process for holes: if the
excitation energy ε becomes smaller (larger) than the normal region Fermi energy, ε < EF (ε > EF ), retroreflection-RAR
(specular reflection-SAR) occurs. When Andreev reflection takes place, the transmitted Cooper pair is located at the Fermi
level of the superconductor. In the S region (right panel), the green arrow represents an evanescent mode (when ε < ∆0 ),
while the black ones denote the propagating modes (when ε > ∆0 ).
re =
e−iβ
e
k [−U2+[ei(αβ
h
k+β
e
ks
) + τhe
i(βek+β
h
ks
)] + V 2−[e
i(αβhk+β
h
ks
) + τhe
i(βek+β
e
ks
)] + (U2+ − V 2−)[ei(β
e
k+αβ
h
k ) + τhe
i(βhks+β
e
ks
)]]
U2+[−ei(αβ
h
k+β
e
k′+β
e
ks
) + τhe
iβhks ] + V 2−[e
i(αβhk+β
e
k′+β
h
ks
) − τheiβeks ] + (U2+ − V 2−)[τhei(β
e
k′+β
h
ks
+βeks ) − eiαβhk ]
,
rh =
U+V−e−i(φ+β
e
k+αβ
h
k )(1 + ei(β
e
k+β
e
k′ ))(eiβ
h
ks − eiβeks )
U2+[−ei(αβ
h
k+β
e
k′+β
e
ks
) + τhe
iβhks ] + V 2−[e
i(αβhk+β
e
k′+β
h
ks
) − τheiβeks ] + (U2+ − V 2−)[τhei(β
e
k′+β
h
ks
+βeks ) − eiαβhk ]
,
(22)
A. Andreev conductance
In this section, we investigate properties of the differen-
tial tunneling conductance of the borophane NS junction
using the well-known Blonder-Tinkham-Klapwijk (BTK)
formula [2, 75]
G(ε) = G0
∑
±KD
∑
q
[
1− |r(ε, q)|2 + |ph| cosφA|pe| cosφ |rA(ε, q)|
2
]
,
(23)
where G0 =
4e2
h N(eV ) is the ballistic conductance of
a monolayer borophane with N transverse modes [7, 76],
and pe(h) is the wavevector of the electronlike (holelike)
quasiparticles, inside the N region. The first summation
is over two valleys in the band structure of borophane
and the second one is over all transverse modes of the
NS junction.
The density of states N(ετ ), can be obtained by solving
the following equation
N(ε) =
1
(2pi)2
∫ ∞
0
k′ dk′δ(ε− ε~k′) (24)
Performing this integral over energy, one finds the fol-
lowing expansion for the density of states of borophane:
N(ετ ) =
kτ (ε, φ)
vt cos(φ) +
√
v20x cos
2(φ) + v20y sin
2(φ)
,(25)
where φ = tan−1(ky/kx) and the wave vector kτ (ε, φ)
is given by
kτ (ε, φ) = ε
−2vt cos(φ) + τ
√
2
√
v2x + v
2
y + (v
2
x − v2y) cos(2φ)
v2x + v
2
y − v2t + (v2x − v2y − v2t ) cos(2φ)
,
(26)
B. Heat transport by normal/superconducting
borophane junctions
In order to investigate the thermal transport properties
of the proposed N/S structure, assuming a temperature
gradient ∆T through the junction, using relation κ =
lim∆T→0 JQ/∆T , with JQ the heat current density, we
6present the behavior of the thermal conductance given by [77, 88]
κ = κ0
∑
±KD
∑
q
∫ ∞
0
dε
[
1− |r(ε, q)|2 − |ph| cosφA|pe| cosφ |rA(ε, q)|
2
]
ε2
(kBT )2 cosh
2( ε2kBT )
, (27)
in which κ0 =
kBW
8pi2~ is a constant parameter correspond-
ing to the N/N thermal conductance of a sheet of mono-
layer borophane of width W [78].
We replace the zero-temperature superconduct-
ing order parameter ∆S in Eq. (5) with the
temperature-dependent energy-gap function of ∆S(T ) =
1.76 kBTC tanh (1.74
√
TC/T − 1), where TC is the crit-
ical temperature of the superconductor.
IV. NUMERICAL RESULTS
In this section, based on Eqs. 23 and 27 we present
our numerical results for the AR process of the NS hy-
brid structure of borophane in the physical regime. Since
attaining the regime EF  ∆0, in experiments may be
difficult, so it is of importance to consider the regime of
comparable EF and ∆0, in which retro-reflection changes
to specular Andreev reflection. We set ∆0 = 0.01eV for
zero temperature order parametere in all our results pre-
sented in this section, except in the case of thermal con-
ductance, with EF and E
′
F , the Fermi energies in the
normal and superconducting regions, respectively. Let
us now consider the regime where the Fermi surfaces
of the normal metal and the superconductor is aligned
U(r) = 0.
To calculate the probability of the electron-hole conver-
sion for subgap energies (ε < ∆0), we show the behavior
of the probability of normal and Andreev process for an
incident electron with a subgap energy ε/∆0 = 0.01, in
terms of the angle of incidence, in Fig. 3 for several val-
ues of the normal region Fermi energy EF . Panel (a) is
for E′F /∆0 = 10 and panel (b) is for E
′
F /∆0 = 10
3.
Since the transmission into the superconductor region
is forbidden for subgap energies (ε < ∆0), one obviously
verifies that |r|2+|rA|2 = 1. The electron-hole conversion
at normal incidence (φ = 0), happens with unit proba-
bility (|rA|2 = 1 ), regardless of the amount of the Fermi
energy of the normal borophane. This is complectly dif-
ferent from usual normal-metal-superconductor contact,
in which Andreev reflection is suppressed at any angle of
incidence, if the Fermi wave lengths at the two sides of
the interface are very different.
More interestingly, in the heavily doped superconduct-
ing regime (E′F /∆0  1), for sufficiently large absolute
values of EF (EF /∆0  1), only normal Andreev reflec-
tion is present for any incident angle.
As the experimentally measurable Andreev conduc-
tance contains both the conductance due to Andreev re-
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FIG. 3. Normal and Andreev reflection probabilities versus
the angle of incidence for ε/∆0 = 0.01, for several values of the
normal region Fermi energy (EF /∆0). (a) for E
′
F /∆0 = 10
and (b) for E′F /∆0 = 10
3
flection and electron tunneling, we present the behavior
of the normalized total Andreev conductance of the N/S
structure G/G0 as a function of the bias voltage ε/∆0 in
Fig. 4, for different values of normal borophane Fermi
energy EF /∆0.
As seen in this figure, the conductance displays two
limiting behaviors for EF  ∆0 or EF  ∆0. At
EF = 0 a sharp coherence peak is appeared in the dif-
ferential conductance. For the case of EF  ∆0, be-
havior of the differential conductance is similar to the
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FIG. 4. Normalized Differential conductance (in units of the
ballistic value G0 = 4Ne
2/h) of the borophane NS junction,
for several values of the normal region Fermi energy EF /∆0)
for E′F /∆0 = 10.
normal metal-insulator-superconductor (NIS) junction of
graphene [17]. As usual for an NS junction [82], the con-
ductance has a singularity at ε = ∆0, As bias voltage
increases toward ε/∆0 = 1, the conductance becomes
larger toward G = 2G0 then with increasing the bias
voltage, the conductance becomes lower toward a sat-
uration conductance. Interestingly, a zero-bias conduc-
tance peaks appears in the conductance spectra. This
two peak structure is just similar to the case of normal
metalinsulator d-wave superconductor junction [83].
In Fig. 5, we briefly explore the behavior of the dif-
ferential conductance of a NS junction of borophane, in
the heavily doped superconducting regime (E′F /∆0  1),
where E′F /∆0 = 1000. In contrast to the above consid-
ered limit (low doping of the superconducting region), the
conductance peak related to the bias voltage of ε/∆0 = 1
becomes smooth as EF increases. It has been shown that,
for subgap energies (ε/∆0 < 1), in the regime E
′
F = EF ,
the standard situation of perfect Andreev reflection is
recovered, with a sharp drop at the gap edge, corre-
sponding to the onset of quasiparticle transmittance into
the superconductor side. Exactly the same as unconven-
tional anisotropic d-wave superconductor-graphene junc-
tions, the subgap conductance is always close to 2G0, but
becomes more constant with increasing EF .
A similar qualitative behavior for the differential con-
ductance occurs when E′F = EF . As we can see in
Fig. 6, a two peak structure appears for the case where
EF /∆0 = 1. In the limit of very large EF /∆0, the stan-
dard situation of perfect Andreev reflection is recovered.
The same as Figs. 4 and 5, but now for when E′F = EF ,
is plotted in Fig. 6. We give the results in the two
regimes, ε/∆0 < 1 and ε/∆0 > 1. For ε/∆0 < 1,
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FIG. 5. Normalized Differential conductance (in units of the
ballistic value G0 = 4Ne
2/h) of the borophane NS junction,
for several values of the normal region Fermi energy EF /∆0)
for E′F /∆0 = 10
3.
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FIG. 6. Same as Figs. 4 and 5, but now we have fixed
E′F = EF for all curves.
the conductance related to the nearly zero Fermi energy
(EF → 0), increases with increasing the bias voltage ε,
reached to value G = 4G0 for ε/∆0 = 1. In the limit of
E′F = EF , however, the conductance related to each bias
voltage is identical.
For ε/∆0 > 1, behavior of the differential conductance
is entirely different. With increasing the bias voltage, the
Andreev conductance saturated to a constant value G =
G0, where for EF /∆0 > 500, the differential conductance
is approximately independent of the Fermi energy of the
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FIG. 7. Dependence of the normalized differential con-
ductance (in units of the ballistic value G0 = 4Ne
2/h) of
the borophane NS junction, on the Fermi energy EF /∆0, for
E′F /∆0 = 100.
normal borophane.
On the other hand, study of the dependence of the
differential Andreev conductance G/G0, on the Fermi
energy of the normal region (EF /∆0), is crucial for ex-
perimental accessibility of our proposals. We give the
results for E′F /∆0 = 100, in the two regimes ε/∆0 > 1
and ε/∆0 < 1 in the Figs. 7 and 8, respectively. For
ε/∆0 > 1, the conductance related to the nearly zero
Fermi energy (EF → 0), for each value of the bias volt-
age ε, reached to value G = G0. In the high bias voltage
regime (ε/∆0  1), Andreev conductance is indepen-
dent of the normal region Fermi energy. For ε/∆0 < 1,
the Andreev conductance related to the zero Fermi en-
ergy (EF → 0), has an increasing behavior with increas-
ing the bias voltage ε, and reaches a maximum value
(G(EF = 0) = 4G0) at zero Fermi energy.
In the limit of E′F = EF , however, the conductance
related to each bias voltage reaches a constant value
(G(E′F = EF ) = 2G0). Turning on the normal region
Fermi energy, away from the zero Fermi energy, the An-
dreev conductance suddenly drop to a lower constant
value for ε/∆0 = 1. It is seen that in a certain Fermi
energy, with increasing the bias voltage ε/∆0, the con-
ductance increases such that saturates toward a constant
value G = 2G0.
Since the thermal conductivity measurements provide
information on order parameter symmetry, we now pro-
ceed to investigate how the thermal conductance spectra
of a N/S borophane change with temperature. Figure 9
shows the normalized thermal conductance, within the
relevant temperature region (0 < T < TC), as a function
of T/TC for various EF , where (a) E
′
F /∆0 = 100 and (b)
E′F /∆0 = 1. The influence of Fermi energy can also be
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FIG. 8. Dependence of the normalized differential conduc-
tance (in units of the ballistic value G0 = 4Ne
2/h) of the
borophane NS junction, on the Fermi energy of the normal
borophane EF /∆0, for E
′
F /∆0 = 100. Insets show a zoomed
view of the data within the dashed-rectangles
.
seen in this figure. Insets show a zoomed view of the data
of the region inside the dashed rectangles. The thermal
conductance demonstrates a peak structure in which the
peak occur at T/TC = 0.07. This observation is in perfect
agreement with the theoretical and experimental expec-
tations of the electronic thermal conductivity in d-wave
superconductors [84, 85]. As pointed out by Hirschfeld
et al. [86], in the electronic contribution of the thermal
conductivity, at least one peak should be appeared be-
low TC . Here, we propose a mathematical model using
Gaussian function, namely the inverse Gaussian function
[87], from the curve fitting which can be expressed as
κ(T ) =
√
λ
2piT 3
e
−λ(T−µ)2
2Tµ2 (28)
where µ > 0 is the mean and λ > 0 is a scaling parameter,
making clear that the thermal conductance changes ex-
ponentially. Note that as λ tends to infinity, the inverse
Gaussian function becomes more like a normal Gaussian
function. For the case of EF /∆0 = 0.01, the fitting pa-
rameters are as µ = 1 and λ = 1. An exponential feature
was reported earlier in graphene [88] and silicene NIS
junctions [89], which is a universal characteristic of the
thermal conductance, similar to that of conventional nor-
mal metalsuperconductor junctions [90]. This exponen-
tial fall of thermal conductance with a large peak, when
the temperature is below the transition temperature TC ,
reflects the d-wave symmetry of the borophane supercon-
ductor [88]. Similar qualitative feature was found earlier
in the case of electronic thermal conductivity in d-wave
superconductors [91].
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FIG. 9. Normalized thermal conductance of the borophane
NS junction, as a function of the temperature, in units of
the critical temperature of the superconducting (T/TC), for
different values of EF , (a) E
′
F /∆0 = 100 and (b) E
′
F /∆0 = 1.
Figure 10 shows the normalized thermal conductance,
as a function of T/TC , for the Fermi energy interval of
0.1 < EF < 1.5 eV for heavily doped superconducting
regime, where E′F /∆0 = 100. As can be seen, the ther-
mal conductance is reduced with increasing the Fermi
energy of the normal region. This figure demonstrates
pronounced negative differential thermal conductance
(NDTC) with a maximum absolute value at T/TC =
0.07. The accessibility of negative differential thermal
conductance, i.e., the heat current increases (decreases)
as the thermal bias decreases (increases), is an effect that
has been widely exploited, as a key building block of ther-
mal circuits. Thus, we can conclude that the most strik-
ing feature of the thermal transport in borophane-based
NS junction is the observation of the anomalous negative
differential thermal conductance [93, 94].
A number of experiments and theoretical works have
already reported the negative differential thermal con-
ductance in graphene nanoribbons [95], topological insu-
lator superconductor junctions [31], atomically-thin WS2
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FIG. 10. Normalized thermal conductance of the borophane
NS junction as a function of the temperature, in units of the
critical temperature of the superconducting (T/TC), for dif-
ferent values of EF . Here we set E
′
F /∆0 = 100.
field-effect transistors [96] and graphene-based supercon-
ducting junction[97]. Another interesting implication of
NDTC is the effect of thermal bistability [92].
Finally, to gain more insight into the thermal recti-
fication effects in the borophane-based NS junction pro-
foundly, displayed in Fig.11, we plot the differential ther-
mal conductance versus the Fermi energy at T/TC = 0.1,
for different values of U0 with E
′
F /∆0 = 100. Interest-
ingly, this figure shows that the sign of the DTC, with
a maximum absolute value at EF ∼2 meV, is tunable
by Fermi energy control of the normal borophane region.
It is evident that the larger the U0, the smaller peak
of the thermal conductance. Remarkably, this ability to
tune and control NDTC by Fermi energy, provides poten-
tial ways to manage heat and manipulate thermal signals
thermal transistors [93] and thermal logic [94].
V. CONCLUSION
In conclusion, we have studied the charge and heat
transport in a normal-metal/superconductor (NS) junc-
tion of the tilted anisotropic Dirac cone material boro-
phane, using the extended Blonder-Tinkham-Klapwijk
formalism. The conductance spectra of NS boro-
phane, a two-dimensional Dirac semimetal with two
tilted anisotropic Dirac cones in its dispersion, is in-
vestigated. Completely different from the usual normal-
metal-superconductor junctions, in spite of the large mis-
match in Fermi wavevectores of the normal-metal and
superconductor sides of the borophane NS junction, the
electron-hole conversion happens with unit probability
at normal incidences. Furthermore, we demonstrate that
in heavily doped superconducting regime, for sufficiently
large absolute values of the Fermi energy at the normal
10
0 . 0 0 0 . 0 2 0 . 0 4 0 . 0 6 0 . 0 8 0 . 1 0- 2 . 5
- 2 . 0
- 1 . 5
- 1 . 0
- 0 . 5
0 . 0
0 . 5
1 . 0
 U 0 / ∆ 0 =  1 0 U 0 / ∆ 0 =  2 0 U 0 / ∆ 0 =  3 0 U 0 / ∆ 0 =  5 0 U 0 / ∆ 0 =  8 0
κ
/κ 0
E F [ e V ]
FIG. 11. Normalized thermal conductance of the borophane
NS junction as a function of the Fermi energy EF , for T/TC =
0.1 for different values of U0, where E
′
F /∆0 = 100.
side (EF /∆0  1), the electron-hole conversion hap-
pens with unit probability, almost at any incident an-
gle. Interestingly, a zero-bias conductance peaks appears
in the conductance spectra. This two peak structure is
just similar to the case of normal metalinsulator d-wave
superconductor junction. Exactly the same as unconven-
tional anisotropic d-wave superconductor-graphene junc-
tions, the subgap conductance is always close to 2G0,
but becomes more constant with increasing EF . The
dependence of the Andreev conductance on the Fermi
energy and bias voltage, enable us selecting the retro
configuration or specular configuration in types of An-
dreev reflection processes. From the curve fitting, we
numerically find that independent of the Fermi energy,
the temperature dependence of the differential thermal
conductance in borophane can be modelled as an in-
verse Gaussian function, reflecting the d-wave symmetry
of the borophane superconductor. We propose a scheme
for achieving negative differential thermal conductance in
borophane NS junction, as a key building block of ther-
mal circuits. The most striking feature of the anomalous
thermal transport in borophane-based NS junction, de-
scribed in this paper, is the observation of the negative
differential thermal conductance.The sign of the DTC, is
tunable It has been found that the switch between pos-
itive and negative differential thermal conductance can
be controlled electrically, by Fermi energy control of the
normal borophane region. Our findings will have poten-
tial applications in developing borophane-based thermal
management and signal manipulation mesoscopic struc-
tures such as heat transistors, heat diodes and thermal
logic gates.
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